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Variational principles for locally variational forms
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Abstract. We present the theory of higher order local variational principles in
fibered manifolds, in which the fundamental global concept is a locally variational
dynamical form. Any two Lepage forms, defining a local variational principle for
this form, differ on intersection of their domains, by a variationally trivial form. In
this sense, but in a different geometric setting, the local variational principles satisfy
analogous properties as the variational functionals of the Chern-Simons type. The
resulting theory of extremals and symmetries extends the firts order theories of the
Lagrange-Souriau form, presented by Grigore and Popp, and closed equivalents of
the first order Euler-Lagrange forms of Hakova and Krupkova. Conceptually, our
approach differs from Prieto, who uses the Poincaré-Cartan forms, which do not
have higher order global analogues.
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1. Introduction

It is well known that differential equations for critical points of a variational functional
in a fibered manifold can be represented by a global differential form, the Euler-Lagrange
form, whose components are the Euler-Lagrange expressions. It is also well known that
there exist differential equations, represented by similar global differential forms, the
dynamical forms, which are locally variational, but do not admit a global lagrangian. A
deeper understanding of this phenomenon is provided by the variational bicomplex theory
(Vinogradov [31], Takens [28], Anderson and Duchamp [2], Dedecker and Tulczyjew [6],
Tulczyjew [30]), and the (finite order) variational sequence theory (Krupka [20], Grigore
[12], Vitolo [32], Krbek and Musilova [14]).

The corresponding variational principles in the first order field theory have been re-
cently studied by several authors. Grigore and Popp [11] extended the ideas of Souriau
[27] on the role of closed 2-forms in mechanics to (n+1)-forms in the variational theory for
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n-dimensional submanifolds of a given manifold. They introduced the Lagrange-Souriau
form, representing the Euler-Lagrange equations, and proved that this form is equal to
the exterior derivative of the fundamental Lepage form in the sense of Krupka [19], [16]
(see also Betounes [3], [4], and Rund [25]). The theory presented by Prieto [23], [24]), is
based on the existence of the global Poincaré-Cartan form (Sniatycki [26], Goldschmidt
and Sternberg [9], Krupka [15], [19], Garcia [8]), and is aimed to extend basic properties
of variational principles of the Chern-Simons type (see e.g. Freed [7]) to fibered manifolds.
Hakovéd and Krupkovd [13] showed that the closed (n + 1)-forms related to variational
systems of first order partial differential equations are exactly the exterior derivative of
the fundamental Lepage form.

Closed 2-forms in higher order mechanics, equivalent with the Euler-Lagrange forms,
were studied by Krupkova [21], [22].

This paper is devoted to local variationality in the framework of the higher order
variational theory on fibered spaces (Krupka [17], [19]), and the variational sequence
theory. In general, for higher order lagrangians in field theory a global analogue of the
Poincaré-Cartan form does not exist. We show that instead of this form one can use
any Lepage form; the Poincaré-Cartan form is an example of a first order Lepage form.
Any (higher order) Lepage form gives rise, by means of the global variation formula, to
the (higher order) Fuler-Lagrange form. Conceptually, the theory is quite simple and
clear. In particular, it is easy to understand, in full generality, that there exist (global)
dynamical forms, admitting local higher order lagrangians, but not a global one.

In Section 2 we give a survey of the higher order variational theory on fibered spaces.
Section 3 is devoted to some new results on infinitesimal symmetries, based on the fun-
damental Lepage form. In Section 4 we introduce a local variational principle for a locally
variational dynamical form. We give the first variation formula and discuss properties
of transformations, leaving invariant the local variational principle, and the locally vari-
ational form.

In this paper we suppose that we have a fibered manifold 7 : ¥ — X, and write
n=dmX, and n+m =dimY. J"Y is the r-jet prolongation of Y, and n™° : J7Y —
JY, n" . JY — X are the canonical jet projections. The r-jet prolongation of a
section «y is defined to be the mapping x — J"vy(x) = J&Lv. For any set W C Y we
denote W™ = (7"0)="L(W). Any fibered chart (V,1), ¢ = (2%,4%), on Y, induces the
associated charts on X and on J"Y, denoted by (U, @), ¢ = (x%), and (V" ,4"), " =
(a:i,y",y;»’l,yj'lb,...,y;-’ljzmjr), respectively; here 1 < i < n,1 <o < m, and V" =
(7m0~ (V), U = 7"(V). We denote wy = dx' Adx® A ... Adz", and

Wk = i) p,hW0 = (=D tdat Ada® AL AdaRTEAdaP YA LA da™

We define the formal derivative operator by

0 e 0 e 0 I 0
5xi yz 8yg ylll 8y7i ylle...'L,,.Z 8yo’

1420

d; =

2. Lagrange structures

2.1. Differential forms on jet spaces

For any open set W C Y, let Q{W be the ring of functions on W". The Q{W-module
of differential g-forms on W" is denoted by 2y W, and the exterior algebra of forms on

W is denoted by Q"W. The module of 7"*-horizontal (7"-horizontal) g-forms is denoted
by Q;)YW (QZ W, respectively); forms belonging to these spaces are sometimes called

7"0-semibasic, or 7"-semibasic, respectively.
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Let W C Y be an open set. The fibered structure of Y induces a morphism of exterior
algebras h : Q"W — QLW called the horizontalization. In a fibered chart (V,4)),
Y = (2", y%), h is defined by

1, L : _ k
hf = f o 7TT+ 7") hd.’l}l = d.’l’:z7 hdy;ljsz = y‘?’ljz.“jpkdx ;

where f: W™ — R is a function, and 0 < p < r. Note that h can be defined intrinsically:
for a k-form n € Q; W, where 0 < k < n, we define hn to be a unique 7" **-horizontal
form such that J"y*n = J"t1y*hn for every section v of Y (here * denotes the pull-back
operation).

We say that a form n € QW is contact, if hn = 0. For any fibered chart (V,),
¥ = (z°,y7), the 1-forms

_ k

w;rljz--jp - dy;1j2~-'jp o y}jl]é---jpkdz ’

where 1 < p < r — 1, are examples of contact 1-forms. Note that these forms define a
basis of 1-forms on V", (dxl,w;-flj%___jp,dy}’lj?___”).

It is known that a form 7 € Q; W has a unique decomposition

(1) (7" = hny + pin + pan + ...+ De,

such that p;n contains, in any fibered chart, exactly ¢ exterior factors wf ; ., 1<1<r.
In particular, this gives us a simple formulation of the fact that the forms wf ., .
generate an ideal in the exterior algebra Q"V (the contact ideal).

hn (pin) is the horizontal (i-th contact) component of n. The decomposition (1) is
inwvariant, and is called the canonical decomposition of 7.

n is m"-horizontal if and only if (7" T17")*n = hn. We say that n is k-contact, if
(7" +Lm)*n = prm; in this case k is the order of contactness of 1.

Let £ > n + 1. Then for any k-form n € Q W, hn = 0, pin = 0, p2n = 0, ...,
Pk—n—1m = 0, because every of these forms contains more than n exterior factors dz*. n
is said to be strongly contact, if pp_,n = 0.

2.2. Lagrangians

A lagrangian (of order r) for Y is any 7"-horizontal n-form on some W" C J"Y, i.e.,
any element of the set ) W. In a fibered chart (V,¢), ¥ = (2',y7), a lagrangian of

order r defined on V" = (77%)~1(V) has an expression
(2) A= EWO,

where £ : V" — R is a function (the Lagrange function associated with A and (V,4)).
Clearly, in general a lagrangian cannot be determined by a globally defined function
unless a volume element on X is specified.

A pair (Y, ), consisting of a fibered manifold Y and a lagrangian A of order r for Y
is called a Lagrange structure (of order r).

Sometimes it is convenient to use lagrangians of the form \ = hn, where n € Q7 ~1W.
These lagrangians have a certain polynomial structure in the highest order variables
Y5 j». .- The assumption A = hn appears naturally in the variational sequence theory,
but does not restrict the generality.

Note that our definition includes lagrangians defined over any open subsets W C Y
we need such a definition to describe phenomena arising in connection with the so called
local variational principles for globally defined Euler-Lagrange equations. The discussion
of this situation is a main objective of this paper.
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2.3. Lepage forms

We now give a formal definition of a Lepage form (Krupka [19]). A principal geometric
meaning of this concept consists in the fact, that Lepage forms describe the relationship
between the equations for extremals of variational principles on one side, and the exterior
derivative operator, acting on differential forms, on the other side.

A differential form p € QF W, where n = dim X, is called a Lepage form, if pi1dp is
w5+t horizontal, i.e., p1dp € Qf:_llYW A Lepage form p is a Lepage equivalent of a
lagrangian A € €7 W, if the horizontal component of p coincides with A, i.e., hp = A
(possibly up to a jet projection).

If p is a Lepage equivalent of a lagrangian A € ) W, expressed by (2), then one can
get by a direct calculation

(3) prdp = Eg(L)w” A wo,
where
r oL
_ k
(4) E,(L) = Z(*l) diydi, - .. dikW

k=0 1192...1%

are the Fuler-Lagrange expressions associated with the Lagrange function L. In parti-
cular, p1dp depends on the lagrangian A only. The (n + 1)-form

E\ = pidp

is called the Fuler-Lagrange form associated with A.

We give three examples of Lepage equivalents:

(1) Every first order lagrangian A € Q; W has a unique Lepage equivalent O, €
Q}L,YW whose order of contactness is < 1. If A is expressed in a fibered chart by A = Lwy,
then or

Oy = Lwy+ —w? ANw;.
A 0 8:1;/;7 i
O, is the Poincaré-Cartan equivalent of A\, or the Poincaré-Cartan form.

(2) Let A € Q) W be as above. The fundamental Lepage equivalent ®5 € Q) W of

A is given by

z": 12 kL
(5) o) = () o — WL AW AL AWTE AWk
= k! ayj; 3yj22 .. .8yjk"

where
Lojoaik - ta/0z2 9 /021 W0 = Witiz.. iy -

®, has the following remarkable properties: (a) d®, = 0 if and only if F\ = 0, and
(b) X = hn for some n € Q2W if and only if E is m%!-projectable. The form ®, was
introduced for the first time by Krupka ([19], [16]), and it was rediscovered by Betounes
[3], [4], and Rund [25] who wrote ®, in a more simple way as it stands in (5).

(3) Expression

L
W Aw; + 5w Aw;

(6) @,\—Ewo+<6£ d 8£> =
3Z/ji

—Gp
dyy i
generalizes the Poincaré-Cartan form to second order lagrangians \ € Qfl W (Krupka

[19]), higher order generalizations can be found in Krupka [17]. It can be shown that
every Lepage equivalent of a lagrangian A = Lwg of order r has the chart expression
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p = Ox+du+ v, where

s r—k
oL
(7) Oy = Luwg + Z(Z(—nldildiz ...d —>w;1j2__,jk Awi,

2 o
k=0 ‘=0 ayiﬂz..-izhjzmjk

u is a contact form, and v is of order of contactness > 2. Expression (6) defines a
differential form on J3Y, but for » > 3, the (local) Lepage equivalents (7) of A are no
longer invariant.

2.4. Automorphisms, variations

By an automorphism of Y we mean a diffeomorphism o : W — Y, where W C Y is an
open set, such that there exists a diffeomorphism «aq : (W) — X such that Ta = ag.
If o exists, it is unique, and is called the m-projection of a. The r-jet prolongation of o
is an automorphism J"a: W™ — J"Y of J"Y, defined by

Jra(J]y) = Jh oy avag ).

[e3

Let U C X be an open set, and let v: U — Y be a section. Let £ be a m-projectable
vector field on an open set W C Y such that v(U) C W. If oy is the local one-parameter
group of &, and gy is its projection, then since ma; = agy,

Tt = at'YCV(ioﬁt

is one-parameter family of sections of Y, depending smoothly on t¢. v, is called the vari-
ation, or the deformation of v, induced by &.

We define the r-jet prolongation of £ to be the vector field J"¢ on J"Y whose local
one-parameter group is J;, . Thus,

T T d T -
JTE(Jy) = {d']a(mt(w)(aﬂ‘l(o%t)}o'

2.5. Global variational functionals

Let Q be a piece of X (a compact, n-dimensional submanifold of X with boundary
09Q), let I'g w () be the set of smooth sections v over Q such that v(2) C W. Suppose
that we have a lagrangian A € Q:L (). This gives rise to the variational functional, or

the action function associated with A, I'q w(7) 3 v — Aa(7) € R, defined by
Aa() z/JT'y*/\.
Q

Choose a section v € I'q w () and a w-projectable vector field £ on Y, and consider
the induced variation ~; of . Since the domain of ; contains §2 for all sufficiently small
t, we get a real-valued function on a neighborhood (—e, ¢) of the origin 0 € R,

(—6,6) 3 ¢ — Aayu(ey (ar705) = / I (aryagl) A € R.
a0yt (£2)
Differentiating this function at ¢ = 0 we obtain

(8) (@yreNaly) = / T4 Dy
Q
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where 0;7¢\ is the Lie derivative of A by J"¢. The number (8) is the variation of the vari-
ational function A at v, induced by the vector field £. This formula shows, in particular,
that the function I'g w (7) 3 v — (9ymeA)a(7y) € R is the variational functional (over )
associated with the lagrangian 0;-\. We call this function the variational derivative, or
the first variation of Aq by &.

We now compute the Lie derivative d;-¢A. Choose to this purpose a Lepage equivalent
p of A, and denote by s the order of p. Since A = hp, or, which is the same, J"v*\ = J%y*p
for all sections -y, we obtain

J' Y 0yre N = Ty 0geep = Ty (igogdp + digogp).
Omitting v and using the Euler-Lagrange form (3), (4), we get
(9) 8JT§)\ == h’L'Js+1£E)\ + hdZJSEp

This is the differential first variation formula; the first term on the right is the Fuler-
Lagrange term, and the second one is the boundary term.

Writing (9) in coordinates, we obtain the well-known classical expressions, standing
behind the variation integral.

2.6. Extremals

Let A € Q7 W be a lagrangian, and let p € QW be a Lepage equivalent of A. We say
that a section v € I'g w () is stable with respect to a variation & of v, if (9;7¢\)a(y) = 0.
Stable sections with respect to families of variations are defined in an obvious way. If
7 is stable with respect to all £ with support contained in 7=1(Q), we say that v is an
extremal of \g. A section v which is an extremal of every Aq is called an extremal of A.

The following conditions are equivalent: (1) y is an extremal of A, (2) - satisfies

Js’y*’iJS§dp =0

for all m-vertical vector fields &, and (3) for every fibered chart on Y, «y satisfies the
system of partial differential equations

E (L) o J* v =0.

2.7. Trivial lagrangians

A lagrangian A € Q) W is called trivial (or wariationally trivial, or null) if there
exists an (n — 1)-form n € QF_; W such that A = hdn. A is called locally trivial if there
exists an open covering {W,},er of Y, and to each ¢« € I an (n — 1)-form n, € Q5_,W,,
such that A = hdn, over W,.

The following is a standard consequence of variational sequence theory.

Theorem 1. A lagrangian X is locally trivial if and only if Ey = 0.

2.8. Locally variational forms

A 1-contact, 7%%-horizontal form ¢ € Q;, 11y W is called a dynamical form (Krupkova

[22]; Takens [28] calls such forms source forms). From the definition it follows that in a
fibered chart (V,4), ¥ = (2", y?),

€ =esw’ Awp,
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where ¢, = ¢, (xi,y",ygl,yjm, e ,y;’ljzmjﬁ). We say that a dynamical form ¢ is varia-
tional, if ¢ = E) for some lagrangian A € ] W. € is said to be locally variational, if
there are an open covering {V,},c; of Y and a family {\,},c; of lagrangians A, € Q, xV.
such that for every ¢ € I,

€|VL ZE)\L.
Denote
S Oe . Qe
Hg_lJQ”-Jz l/(e) = 8 o . - (_1)la v z
Yjijo...gi Yjijo...gi
S
k k 860
_ Z (71) (Z)djl+1d]L+2d]k8y—’
k=it1 Yjrga.diivr g
and
1< S
He= 5> HJP3 (e)wf . N Awo.
i=1

The functions HJ1/2Ji  (¢), called the Helmholtz expressions, appeared for the first time
in Aldersley [1]; H. is the (global) Helmholtz form (Anderson [2], Krupka [18], [20], Krbek
and Musilova [14]).

The following is a consequence of the variational sequence theory.

Theorem 2. A source form € is locally variational if and only if H. = 0.

2.9. Invariant transformations

An automorphism « : W — Y of the fibered manifold Y is said to be an invariant
transformation of a form n € W, if

Jiakn =mn.

We also say that 7 is invariant with respect to a. Let & be a m-projectable vector field
on Y. We say that £ is the generator of invariant transformations of 7, if

8Js5n =0.

In this case we also say that 7 is invariant with respect to £. These definitions include
the notions of invariance of lagrangians, dynamical forms, and, in particular, the Fuler-
Lagrange forms.

Note that for any m-projectable vector field §, and any A € Qf (W,

(10) Oy Ex = Epg s

where s is the order of the Euler-Lagrange form E,. Thus, F, is invariant with respect
to & if and only if Oy7¢ A is a trivial lagrangian.
The following result is standard.

Theorem 3. Let £ be a w-projectable vector field on Y, and let \ € Q:f}%W be a
lagrangian. The following conditions are equivalent:

(a) & generates invariant transformations of the Euler-Lagrange form E.

(b) There exist an open covering {V,},er of Y and a system of (n —1)-forms {n,}.cr,
where n, € Q7 _,V,, such that

8JT+1£)\ = th}L
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The following simple consequence of the first variation formula is known as the Noether’s
theorem.

Theorem 4. Let \ € QZJS%W be a lagrangian. Let p € Q)W be a Lepage equivalent
of A, and let v be an extremal.
(a) For any generator £ of invariant transformations of A,

dJS’Y*’L'JSgp =0.

(b) For any generator & of invariant transformations of Ey, there exist an open cove-
ring {V,}er of W and a family {n,}.cr of (n—1)-forms n, € QF_,V, such that for every
vel,

dJ*y*(igeep —mn.) = 0.

3. Invariance: First order variational principles

One of specific features of the first order Lagrange structures consists in existence
of two “simple” Lepage forms (Section 2.3). The first one is the Poincaré-Cartan form,
whose order of contactness is < 1 (see e.g. Garcfa [8], Goldschmidt and Sternberg [9],
Krupka [15], Prieto [24]). The second one is the fundamental Lepage form, whose order
of contactness is, in general, maximal, i.e., < n. We now compare invariance properties
of these forms. Our results extend the usual concepts, based on the use of the Poincaré-
Cartan form. For general approach to invariance we refer to Trautman [29] and Krupka
[15], [19].

As before, we denote by @, the fundamental Lepage equivalent, associated with a first
order lagrangian A, and by ©, the Poincaré-Cartan equivalent.

Theorem 5. For any automorphism a: W — Y of Y,

(11) Jar ) =P -

Proof. 1. Let ag be the projection of «, and let (V,), ¢ = (z¢,y7), and (V, %),
¥ = (2',5), be two fibered charts such that a(V) C V. Let (U,¢), ¢ = (2*), and (U, @),
@ = (Z*) be the associated charts on X. Denote

g™ = i, gTap = F7,
and
xpaalgb_l = g*.
Clearly, on the corresponding domains,
fig (@t 2%,...,2"), % (@', 2%,...,z"),...,.g"(x", 2%, ..., 3")) = T,
P (f a2, 2, At 22, 2, (et 22 ) = 2Pl

From these formulas, we can easily derive equations of the mapping J'a : W! — J'Y
in terms of the associated coordinates. By definition, we have for every Jly € W1,
Jra(Jly) = Jt )(a’yaal). On Vi c Wt

ag(z

' T a(Tyy) = ' o o (@vag ) = Tlag(z) = 2l age ™ (p(2)),

ag(z

g7 () = 57T oy (aveg ) = 57 a9 ((2))),
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and
977 a(1p7) = 45 Jay @ (avag ) = Dj(g7ayag ' o7 (@(ao(2))).
Computing the derivative by the chain rule, we get
D;(g°avag ¢~ (@(ao(x)))
= D145 oy (¥(1(2)))D;(a"ag ' 971 (g (ao (@)
+ D2 (57 ™) (9 (y(2) Di(y" v~ ) (p(2) Dj(z"ag ' ¢ 1) (¢ (o (2))).
We define functions Fy : V' — R by

F7 (@' (Ty), 4" (J37), vp (J3)
= D1 (570 ) (W (y(2)))Dj(z"ag o™ (@ (an()))
+ D2y (57t ") (W (v(2))) Di(y" v~ ") (0(2)) D (2Fag ' @ 1) (@ (ao())),

or, which is the same, by

F7 (' y7,y))

()t () (325)
oz (a'y7) " ) @' y) oz’ z), 2z, M (2h))

, agk
- <dkF0><x1,yT,yT>(—) S
7INOZT ) (£ (), 2 (@) f ()

Then
g7 a(@!) ! = FY.

Summarizing, we see that the mapping J'« is expressed by equations

e =1 ylayp ! =

79 J! W=l _ g Fo. ag* -1
g7 J a(pt) T =dy 951 O PP ).

o

2. We now derive chart expressions for the forms ajwo and a§wi,i,.. s, , where 1 < k <
n. We have, with obvious conventions,

agwo(z) = d(@'ag)(x) A d(Z%ap) (@) A... Ad(Z™ap)(z)

=de t<g£§>w(w wo(x).

Analogously, since

_ 0 ¢’ 0
T [ = = == —
ao(@) Y0 (8931)%(@ <8xz)ao<x><8ﬂ)x’

0[8(;)2‘(.’[})(52,63, e agn)

B 8<o:jaal¢1)) (8(a‘cpaosol)) ,
- ( 85:1 Bon(z) det 94 @(x)wj (m)(€27§37 .o 75%)7

and
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N TN
5210 = (57 s (320

Continuing in the same way we obtain

we have

WDiyi..in (@) (Ert1s bty - En)
(50 ) s (3 ) o (505 ) 0 (520)
02" ) gao@) \0Z2 ) gao(z)  \OZ™ ) zao(a) 0z ) o(x)
Wi e () (Ekt1s Ergr - En),

i.e.

. dg”* g™ ag™*
0P iriz.0. () = (8x> ao(e) <8w> oo() (é’wk) oo (@)

fP
det(axq) wjljz...jk(x).
3. Similarly,

(Jra) @7 (J1n) = (8F ’ ) W (T1),
Oy Py ()

4. We now prove Theorem 5. To simplify our formulas, we sometimes write z, or y(x),
instead of J!v. Let the lagrangian A\ be expressed over V by

A= Z(I)o.
Then over V,
_ P
(')A = (Eo Ta(na)den(550)  wnlo)
xr p(z)

We can express the form ® ;1 ., over V. Taking into account the summand containing
k exterior factors w?, we have the form from formula (5),

(8’“(£oJ1ao(¢1>-1>) det ( fp)
(12) ayjlay ..8y;.’: (1) 027 ) ()

WO (JEy) Aw2(JEY) Ao  AwTE(TEy) A wjy s i (TE7).

But

(8(»6 oJ'ao (¢1)1)>
yj}! Y1 ()

(35 st (57 ) o (o)
8@;; 3 7 (1) \ Oy ) py(2) \OZP' ) pao(z)’
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and in the same way

<8’“(50J1a0(¢1)‘1))
oyl Oy7? . -31/}’: ¥ (J2)

~ (aazzang o) s (B ) oo ()
Y 0Y,2 ~-3ﬂ;: P 7 (1) \ OY7H ) wy(2) \OZP! ) pan(a)

(57 ) e (855 ) (5 ) (5)
0y )y \ 0T ) gao(@)  \ OY7* ) 4y(a) \OZP* ) gao(a)’

Consequently, (12) gives the expression

oFc <8F"1) <8gj1 )
<5yp13y52--~5§Zﬁ>w%ﬂa<ef;v> Y7 ) vr() \OTP' ) pao(a)
OF" dg”? OF" dg*
(13) ’ <8y"2)ww (@) <6:v”2>¢ao<w> o (&f”“)ww(w) <8x”>¢ao<w>

aofP
- det
¢ <8xq)¢(x>

W () AW (Jpy) Ao AW () Awjy s g (T27).

On the other hand, consider in ®, the summand

oL
14 WOPANDTENAN L ANDTEND gy
( ) ay]lay . ag?: J132---Jk

over V. Computing the pull-back J'a*®,, and in particular, the pull-back of the diffe-
rential form (14), we obtain

(9k
<8yj S0y .. 0yTt )wwlau;w)

<8F"1 > <6F"2 ) (8F"k )
(15) oYt ) @) \ 0y Juv(@) \ Oy ) v
I lo Ik £p
.(39.) <89 ) ...(89,> det(af>
0T ) pan(@) \OT”* ) pao() 0z ) gag () 0x? ) o(x)
W (Jay) AW (Jgy) A AW (Tay) Awiyy..a, (T37)-

Since (13) and (15) agree, we are done.

Corollary 1. For every w-projectable vector field &, the fundamental Lepage form ®
satisfies

01e®x = Py, .

Corollary 2. The Poincaré-Cartan form ©) satisfies
(16) J'a* O\ =0 1,4,
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and

(17) 8J1§@)\ :93J15A'

Proof. From the properties of contact forms it follows that the forms of the same
order of contactness on the left and right hand side of formula (11) agree. Formula (16)
means just the equality of forms of order of contactness < 1.

From Theorem 5 we can easily derive, for lagrangians of order 1, formula (10) of
Section 2.9.

Corollary 3. The Euler-Lagrange form E\ satisfies
(18) OBy = E8J1§/\~

Proof. From Theorem 5 it follows that
0 y2ep1d®y = p101dPy = p1d®y , i,
which is exactly formula (18).

We are now in position to study symmetries of the first order Lagrange structures.
According to the definition used by Prieto [24], an infinitesimal symmetry of a first
order lagrangian \ is a vector field Z on J'Y such that =0, = —dn for some (n — 1)-
form 7. Clearly, if = is an infinitesimal symmetry, then d0=©, = 0, and the converse
holds locally. In the following theorem we consider infinitesimal symmetries of the form
= = J'¢, where € is a m-projectable vector field, and compare them with generators of
invariant transformations of the Euler-Lagrange form.

Theorem 6. Let \ be a first order lagrangian, and let & be a w-projectable vector
field.

(a) & is the generator of invariant transformations of the Euler-Lagrange form E) if
and only if 9 ,1,d®y = 0.

(b) If 2 = J¢ is an infinitesimal symmetry, then & generates invariant transforma-
tions of Ey.

Proof. (a) Suppose that 0,2, E\ = 0. Then from Corollary 3, Eaﬂ&)\ = 0, hence
d‘I’BJlgA = 0 and according to Theorem 5, 8J1£d<I>)\ = 0. The converse is proved by
reversing the arguments.

(b) Supposing that d0;1,d©, = 0 we obtain d@aﬂ&)\ = 0 (Corollary 2) and by defini-
tion,

pld@aﬂg,\ = Ea]lg,\ = 6J2§E)\ =0.

Remark 1. In Theorem 6, we give some properties of generators of invariant trans-
formations of the Euler-Lagrange form on one side, and infinitesimal symmetries on the
other side. Note that for several reasons, the definition of infinitesimal symmetry in its
full generality does not seem well-motivated. First, variations, induced by general vector
fields on J'Y do not transform sections of the fibered manifold Y into sections of Y; in
particular, such variations do not transform solutions of the Euler-Lagrange equations
into solutions. Second, according to Theorem 6, infinitesimal symmetries do not include
all generators of invariant transformations of the Euler-Lagrange form. The third reason
consists in impossibility to generalize the definition of an infinitesimal symmetry to r-
th order Lagrange structures, because for lagrangians of order » > 3 we do not have a
global analogue of the Poincaré-Cartan form. For these reasons, we prefer, in the theory



Variational principles for locally variational forms 13

of local variational principles presented below, the concept of a generator of invariant
transformations of the Euler-Lagrange form.

Remark 2. It is not known whether there exists a generalization of the fundamental
Lepage form ®, to higher order Lagrange structures.

4. Local variational principles

4.1. Local variational principles

Let e € Q) yY be a locally variational form (¢ is supposed to be defined globally).
According to Section 2.8, the fibered manifold Y can be covered by open sets V,, t € I,
such that to every ¢, there exists a lagrangian A, over V, for the form e|y,; over the
intersections V, NV, the lagrangians A, and A, differ by a trivial lagrangian. In general,
a globally defined lagrangian for € need not exist.

In our definition of a local variational principle, we rephrase these properties of locally
variational forms in terms of the Lepage forms. We say that a family {(V,,p,)}.er, in
which {V,},cs is an open covering of Y and for every ¢ € I, p, € Q5V, is a Lepage form,
is said to be a local variational principle, if for every ¢,k € I,

p1dp, = p1dps

over V,NVj. The integer s is called the order of the local variational principle {(V,, p,) }.e1-
Suppose that we have a local variational principle {(V,, p,) },er of order s. For every
L € I, we denote

E, = pldpL-

E, is the Euler-Lagrange form of the associated lagrangian A, = hp,, defined over V,.
Since by definition, F, = E, for all ¢+, k € I, setting

E=E,

over V,, we obtain a global differential form E on J*'Y. This form is called the Euler-
Lagrange form, associated with the local variational principle {(V,, p,) }.cr. Obviously, the
Euler-Lagrange form is dynamical, locally variational form; it is not necessarily (globally)
variational.

A local variational principle in another geometric context (i.e., on manifolds with-
out fibration) was formulated by Dedecker [5]. Our definition is close to the Dedecker’s
approach.

Two local variational principles {(V,, p.)}.er, {(Vi, p).)}rek are equivalent, if the as-
sociated Euler-Lagrange forms E, E’ coincide, i.e., £ = E’.

Theorem 7. A family {(V., p.)}icr, in which {V.},er is an open covering of Y and
for every v € I, p, € Q}V, is a Lepage form, is a local variational principle if and
only if to every v,k € I, there exists a form n, € Q_,(V,NV,) and a contact form
X € Q0 (V, NV,,) such that over V, NV,

(19) Pv— Pr = dnu{ + Xeux-

Proof. If p, — px = dnu + Xuk, for some 7,. and X, then d(p, — px) = dxix-
This means that the class of x,, is a contact Lepage form. Since p1dyx,, depends on the
corresponding lagrangian only, that is, on hy,. (see Section 2.3), and this lagrangian is
zero, we have p1dy,, = 0. Consequently, p1dp, = p1dp,. Conversely, if p1dp, = p1dps,
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then the Euler-Lagrange form Ej,, _,, ) vanishes. This means that the lagrangian h(p, —
pr) is trivial, which implies (19).

4.2. First variation formula, extremals

A basic tool for an analysis of extremals and invariant transformations of a variational
functional is the first variation formula. We now give a formulation of the first variation
formula for local variational principles.

Let {(V.,p.)}.cr be a local variational principle of order s. Fix an index ¢ € I, and
choose a piece 2 C w(V,). Then we have the variational functional

Loy, (m) >y — paly) = /Jsv*m eR.
Q

For any m-projectable vector field £ on Y, we have the first variation formula
Ogsep, = tigsedp, +digsep,.

This formula can easily be written by means of the associated lagrangian A, = hp,. Since
Oyst1chp, = hdys¢p, = hijs¢dp, + hdijs¢p,, we have

3J5+1§hpL = hiJs+1§p1dpL + hdiJSgpL = hiJs+1£E + hdiJSgpL,

and
8J5+1£)\L = hiJs+1§E + hdiJ35pL,

where E is the Euler-Lagrange form of {(V,, p,)}.cr. This is another formulation of the
first variation formula for the local variational principle {(V,, p,)}.er-
We have the following simple observation.

Theorem 8. Let {(V,,p,)}.er be a local variational principle of order s. Let v be a
section of Y. The following conditions are equivalent:

(a) For every v € I, v, = Y|x(v,) is an extremal of the variational functional p,q.

(b) For every m-projectable vector field £, v satisfies

J8+1’Y*iJs+1EE =0.

A section 7, satisfying any of these two equivalent conditions, is called an extremal of
the local variational principle {(V,, p,)}.er-

4.3. Invariant transformations

It is straightforward to extend the theory of invariant transformations as introduced
in Section 2.9, to local variational principles. The concept of a lagrangian in this case
is defined only locally, but we still have the notions of invariance of the Euler-Lagrange
form.

Suppose that we have a local variational principle {(V,, p,)}.er of order s, and denote
by E its Euler-Lagrange form. Let o : W — Y be an automorphism of Y. We say that
« is an tnvariant transformation of E| if

J*Ha*E = E.

A m-projectable vector field € on Y is said to be the generator of invariant transformations
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of B, if
aJs+1£E == 0
The following is straightforward.

Theorem 9. Let {(V,,p.)}.er be a local variational principle, and let & be a 7-
projectable vector field. Let E be the Euler-Lagrange form of {(V,, p.,)}.er. The following
conditions are equivalent:

(a) & is a generator of invariant transformations of E.

(b) There exists a family {n,}.cr of (n — 1)-forms n, € Q% _,V, such that for every
Lel,

(20) hiJs+1€E + hd(ZJbgpL - nL) = 0

Proof. Let £ be a generator of invariant transformations of F, let ¢+ € I. Over V,,
E = FE,,, where A\, = hp,, and 8Js+1€E = EQ,S“&)\L = 0, hence by Theorem 3, 8J5+1€)\L =
hdn, for some (n — 1)-form 7, over V,. Then

8Js+1§)\L = hiJs+1§E + hdiﬁpr = hdn,,

proving (20).

Consider the Euler-Lagrange form E of the local variational principle {(Vi, p.)}.er,
and a vector field £ on Y. Let (V,4), ¥ = (2%,47), be a fibered chart on Y such that
V C V,. Suppose that over V

hp, = L,wo,
and
¢= 55% +€°’a%f
Then over V,
E=E,(L)w’ Aw,
where r 0
— k =
B,(L,) = kZ:O(_l) di, d;, dzkm,
and
(21) hi jee1 B = Eq(L£,)(&7 = yg &6 wo.

Formula (21) shows that the Euler-Lagrange equations for extremals are, over V,
(22) E,(L,) =0.

Thus, if £ generates invariant transformations of E, we have a conservation law
(23) d(igoep. —m.) =0

(along any extremal). The arising equations (23) should be considered together with
equations (22).

The set of generators of invariant transformations of the Euler-Lagrange form is a Lie
algebra. Indeed, if two m-projectable fields £ and (, satisfy

8y cE=0, 85:¢E=0,
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then since J*[€, (] = [J°¢, J°(], we have

Opoie,) B = 0yo¢0ysc B — 0yscOyoc B = 0.
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